Abstract. Let H be a twisted Calabi-Yau (CY) algebra and σ a 2-cocycle on H. Let A be an N -Koszul twisted CY algebra such that A is a graded H σ -module algebra. We show that the cleft extension A#σH is also a twisted CY algebra. This result has two consequences. Firstly, the smash product of an N -Koszul twisted CY algebra with a twisted CY Hopf algebra is still a twisted CY algebra. Secondly, the cleft objects of a twisted CY Hopf algebra are all twisted CY algebras. As an application of this property, we determine which cleft objects of U (D, λ), a class of pointed Hopf algebras introduced by Andruskiewitsch and Schneider, are Calabi-Yau algebras.
Introduction
We work over a fix a field . Without otherwise stated, all vector spaces, algebras are over . Given a 2-cocycle σ on a Hopf algebra H (Definition 1.3), we can construct the algebras H σ and σ H. Their products are deformed from the product of H by In [28] , Masuoka studied cocycle deformations and cleft objects of a class of pointed Hopf algebras. This class of algebras includes the pointed Hopf algebras U (D, λ) of finite Cartan type introduced by Andruskiewitsch and Schneider ( [5] ). The Hopf algebras U (D, λ) consists of pointed Hopf algebras with finite Gelfand-Kirillov dimension, which are domains with finitely generated abelian groups of group-like elements, and generic infinitesimal braiding ( [1] ). By results in [28] , we know that a pointed Hopf algebra U (D, λ) and its associated graded Hopf algebra U (D, 0) are cocycle deformations of each other.
The Calabi-Yau (CY for short) property of the algebras U (D, λ) are discussed in [39] . CY algebras were introduced by Ginzburg [19] in 2006. They were studied in recent years because of their applications in algebraic geometry and mathematical physics. More general than CY algebras are so-called twisted CY algebras, which form a large class of algebras possessing the similar homological properties as the CY algebras and include CY algebras as a subclass. Associated to a twisted CY algebra, there exists a so-called Nakayama automorphism. This automorphism is unique up to an inner automorphism. A twisted CY algebra is CY if and only if its Nakayama automorphism is an inner automorphism.
For the Hopf algebra U (D, λ), both U (D, λ) itself and its associated graded Hopf algebra U (D, 0) are twisted CY algebras ( [39, Theorem 3.9] ). A more interesting phenomenon is that the CY property of U (D, λ) is dependent only on the CY property of U (D, 0). In other words, if U (D, 0) is CY, then any lifting U (D, λ) is CY. Note that U (D, λ) is a cocycle deformation of U (D, 0). This raises a natural question whether a cocycle deformation of a graded pointed (twisted) CY Hopf algebra is still a (twisted) CY algebra. For a Hopf algebra H and its cocycle deformation H σ , the algebra σ H can be viewed as the "connection" between H and H σ as it defines a Morita tensor equivalence between the comodule categories over the two Hopf algebras. To understand the relation between the twisted CY property of H and that of H σ , we shall first answer the question whether σ H is a twisted CY algebra when H is.
The algebra σ H can be viewed as the crossed product # σ H (the definition of a crossed product will be reviewed in Section 1.2). More generally, one could ask whether the crossed product A# σ H will be a twisted CY algebra when both A and H are twisted CY algebras. In this paper, we are able to answer the question when A is a graded N -Koszul algebra. We note here that to form an algebra A# σ H, it is only required that σ is an invertible map in Hom(H ⊗ H, A) satisfying the cocycle condition and A is a twisted H-module. When A is a graded N -Koszul algebra, the assumption that σ has its image in is necessary to make sure that the obtained crossed product A# σ H is still a graded algebra. In this case σ is just a 2-cocycle on H and A is a left graded H σ -module algebra. Here A is a left graded H σ -module algebra means that A is a left H σ -module algebra such that each graded piece A i is a left H σ -module. The following theorem is our main result (see Theorem 2.18):
Theorem 0.1. Let H be a twisted CY Hopf algebra with homological integral l H = ξ , where ξ : H → is an algebra homomorphism and σ a 2-cocycle on H. Let A be a N -Koszul graded twisted CY algebra with Nakayama automorphism µ such that A is a left graded H σ -module algebra. Then A# σ H is a twisted CY algebra with Nakayama automorphism ρ defined by ρ(a#h) = µ(a)# hdet H σ (h 1 )(S −1 σ,1 (S −1 1,σ (h 2 )))ξ(h 3 ) for all a#h ∈ A# σ H.
Here, hdet H σ denotes the homological determinant of the H σ -action. The homological integral of a twisted CY Hopf algebra will be given in Section 2. The notion S σ,τ will be recalled in Section 1.1. Examples of Theorem 0.1 will be provided in Section 4.
Theorem 0.1 has two consequences. Firstly, in Theorem 0.1, if we let the cocycle σ be trivial, then the crossed product A# σ H is just the smash product A#H. Therefore, we obtain the following result on smash products.
Theorem 0.2. Let H be a twisted CY Hopf algebra with homological integral
l H = ξ , where ξ : H → is an algebra homomorphism and A an N -Koszul graded twisted CY algebra with Nakayama automorphism µ such that A is a left graded H-module algebra. Then A#H is a twisted CY algebra with Nakayama automorphism ρ defined by ρ(a#h) = µ(a)# hdet H (h 1 )(S −2 (h 2 ))ξ(h 3 ), for any a#h ∈ A#H.
This generalizes the results in [23] and [32] . The smash products of CY algebras has been studied quite broadly. For instance, see [16] , [20] , [23] , [38] , [32] . The results in [23] and [32] are probably two of the most general results in this direction. [23] states that when H is an involutory Hopf CY algebra and A is an N -Koszul CY algebra, the smash product A#H is CY if and only if the homological determinant of the H-action on A is trivial. One of the main results in [32] states that the smash product A#H is a twisted CY algebra when A is a graded twisted CY algebra and H a finite dimensional Hopf algebra acting on A. The Nakayama automorphism of A#H is determined by the ones of A and H, along with the homological determinant of the H-action.
Secondly, in Theorem 0.1, if we let the algebra A be , we obtain the following description of the twisted CY property of cleft objects. for any x ∈ σ H.
As an application of Theorem 0.3, we study the CY property of the cleft objects of the Hopf algebras U (D, λ) in Section 3. It turns out that all cleft objects of the algebra U (D, λ) are twisted CY algebras. Their Nakayama automorphisms are given explicitly in Proposition 3.7. Hence we are able to characterize when a clefts object is CY. It is interesting that a cleft object of U (D, λ) could be a CY algebra even when U (D, λ) itself is not. We give such an example at the end of Section 3.
Our motivating examples are the algebras of the form A# σ G, where A is a polynomial algebra, G is a finite group acting on A, and σ : G × G → C × is a 2-cocycle on G. Such crossed products are of interest in geometry due to their relationship with corresponding orbifolds (for e.g., see [2] , [12] , [36] ). In Section 4, we show that these crossed products are all twisted CY algebras. PBW deformations of the crossed product A# σ G are the twisted Drinfeld Hecke algebras defined in [37] . If the cocycle is trivial, then A# G, the skew group algebra, is just the Drinfeld Hecke algebras defined by V. Drinfeld [14] . They have been studied by many authors, for example [15] , [6] , [25] . Quantum Drinfeld Hecke algebras are anther generalizations of Drinfeld Hecke algebras by replacing polynomial algebras by quantum polynomial algebras [27] , [31] . More generally, Naidu defined twisted quantum Drinfeld Hecke algebras in [30] . A twisted quantum Drinfeld Hecke algebra is an algebra of the form A# σ G, where A is a quantum polynomial algebra, G is a finite group acting on A, and σ is a 2-cocycle on G. Twisted quantum Drinfeld Hecke algebras are generalizations of both twisted Drinfeld Hecke algebras and quantum Drinfeld Hecke algebras. A quantum polynomial algebra is a Koszul algebra. If PBW deformations of the algebra A# σ H in Theorem 0.1 are still twisted CY algebras, then twisted quantum Drinfeld Hecke algebras will all be twisted CY algebras. We will discuss this problem in our upcoming paper.
Preliminaries
Throughout this paper, the unadorned tensor ⊗ means ⊗ and Hom means Hom .
Given an algebra A, we write A op for the opposite algebra of A and A e for the enveloping algebra A ⊗ A op . An A-bimodule can be identified with a left A e -module or a right A e -module.
For an A-bimodule M and two algebra automorphisms µ and ν, we let µ M ν denote the A-bimodule such that µ M ν ∼ = M as vector spaces, and the bimodule structure is given by
for all a, b ∈ A and m ∈ M . If one of the automorphisms is the identity, we will omit it. It is well-known that
A-A-bimodules if and only if µ is an inner automorphism.
We assume that the Hopf algebras considered in this paper have bijective antipodes. For a Hopf algebra H, we use Sweedler's (sumless) notation for the comultiplication and coaction of H.
1.1.
Cogroupoid. Definition 1.1. a cocategory C consists of:
• A set of objects ob(C).
• For any X, Y ∈ ob(C), an algebra C(X, Y ).
• For any X, Y, Z ∈ ob(C), algebra homomorphisms
such that for any X, Y, Z, T ∈ ob(C), the following diagrams commute:
C(X, Y ) P P P P P P P P P P P P P P P P P P P P P P P P
Thus a cocategory with one object is just a bialgebra.
A cocategory C is said to be connected if C(X, Y ) is a non zero algebra for any X, Y ∈ ob(C).
Definition 1.2.
A cogroupoid C consists of a cocategory C together with, for any X, Y ∈ ob(C), linear maps
such that for any X, Y ∈ C, the following diagrams commute:
We refer to [8] for basic properties of cogroupoids.
In this paper, we are mainly concerned with the 2-cocycle cogroupoid of a Hopf algebra.
for all h, k, l ∈ H. The set of 2-cocycles on H is denoted Z 2 (H).
The convolution inverse of σ, denote σ −1 , satisfies
for all h, k, l ∈ H. Such a convolution invertible map is called a left 2-cocycle on H. Conversely, the convolution inverse of a left 2-cocycle is just a right 2-cocycle.
The set of 2-cocycles defines the 2-cocycle cogroupoid of H.
Let σ, τ ∈ Z 2 (H). The algebra H(σ, τ ) is defined to be the vector space H together with the multiplication given by
for any h, k ∈ H. Now we recall the necessary structural maps for the 2-cocycle cogroupoid on H. For any σ, τ, ω ∈ Z 2 (H), define the following maps:
It is routine to check that the inverse of S σ,τ is given as follows:
The 2-cocycle cogroupoid of H, denoted by H, is the cogroupoid defined as follows: (7) and (8) 
(ii) For any ω ∈ ob(H) and h ∈ H, we have
The Hopf algebra H(1, 1) (where 1 stands for ε ⊗ ε) is just the Hopf algebra H itself. Let σ be a 2-cocycle. We write σ H for the algebra H(σ, 1). Similarly, we write H σ −1 for the algebra H(1, σ). To make the presentation clear, we let σ and σ −1 denote the multiplications in σ H and H σ −1 respectively. The Hopf algebra H(σ, σ) is just the cocycle deformation H σ of H defined by Doi in [13] . The comultiplication of H σ is the same as the comultiplication of H. However, the multiplication and the antipode are deformed:
for any h, k ∈ H σ . In the following, S σ,σ is denoted by S σ for simplicity.
Cleft extensions.
A Hopf algebra H is said to measure an algebra A if there is a -linear map H ⊗A → A, given by h⊗a → h·a, such that h·1 = ε(h) and h · (ab) = (h 1 · a)(h 2 · b) for all h ∈ H, a, b ∈ A.
Definition 1.5. Let H be a Hopf algebra and A an algebra. Assume that H measures A and that σ is an invertible map in Hom(H ⊗ H, A). The crossed product A# σ H of A with H is defined on the vector space A ⊗ H with multiplication given by
Here we write a#h for the tensor product a ⊗ h. 
Note that if σ is trivial, that is, σ(h, k) = ε(h)ε(k)1, for all h, k ∈ H. Then the crossed product A# σ H is just the smash product A#H. Remark 1.7. Let A# σ H be a crossed product and σ an invertible map in Hom(H ⊗ H, ). Then A# σ H is an associative algebra if and only if σ is a 2-cocycle and A is an H σ -module algebra. 
for all a ∈ A, h ∈ H. Moreover, γ and σ are constructed each other by
and
From this lemma, we see that right cleft objects of a Hopf algebra H are just the algebras σ H, where σ is a 2-cocycle on H.
AS-Gorenstein algebras.
In this paper, unless otherwise stated, a graded algebra will always mean an N-graded algebra. An N-graded algebra A = (i) A has finite injective dimension d on both sides,
where l is an integer, (iii) The right version of (ii) holds.
If, in addtion,
Noe that an AS-Gorenstein (regular) algebra can be defined on an augmented algebra in general, see [10] . For an algebra A, if the injective dimension of A A and A A are both finite, then these two integers are equal by [40, Lemma A] . We call this common value the injective dimension of A. The left global dimension and the right global dimension of a Noetherian algebra are equal. When the global dimension is finite, then it is equal to the injective dimension. Remark 1.13. Let φ be the map defined as follows:
This map φ is a bijection. Throughout, we identify (V * ) ⊗n with (V ⊗n ) * via this bijection.
Let n : N → N be the function defined by
An N -homogenous algebra A is called N -Koszul if the trivial module A admits a graded projective resolution
such that P i is generated in degree n(i) for all i 0. A Koszul algebra is a just 2-Koszul algebra.
The Koszul bimodule complex of a Koszul algebra is constructed by Van den Bergh in [35] . This complex was generalized to N -Koszul case in [7] . Now let
as follows:
The right action ω·e * i is defined similarly. One can check that d l and d r commute. Fix a primitive N -th root of unity q.
We obtain the following N -complex:
−−−→ A ⊗ A at the far right, then putting together the N − 1 consecutive ones, and continuing alternately:
An N -homogenous algebra is N -Koszul if and only if the complex
A is homologically smooth, that is, A has a bounded resolution of finitely generated projective A e -modules; (ii) There is an automorphism µ of A such that
If such an automorphism µ exists, it is unique up to an inner automorphism and is called the Nakayama automorphism of A. A Calabi-Yau algebra is a twisted Calabi-Yau algebra whose Nakayama automorphism is an inner automorphism.
A Graded twisted CY algebra can be defined in a similar way. That is, we should consider the category of graded modules and condition (10) should be replaced by
where l is an integer and A µ (l) is the shift of A µ by degree l.
We end this section with the following lemma, which shows that AS-regular Hopf algebras are just twisted CY Hopf algebras.
Lemma 1.15. Let A be a Noetherian AS-regular Hopf algebra with
l A = ξ , where ξ : A → is an algebra homomorphism. The followings hold:
The algebra A is CY if and only if ξ = ε, and S 2 is an inner automorphism.
The CY property of Cleft extension
Let H be a Hopf algebra, σ a 2-cocycle on H and A an N -Koszul H σ -module algebra. Then the crossed product A# σ H is an associative algebra. The following definition is inspired by "
, where H is a Hopf algebra and i is an even integer.
Definition 2.1. Let H be a Hopf algebra and A a left H-module algebra. For a given even integer i, we define an algebra A e ⋊ S i H. As vector spaces,
(ii) An A e ⋊ S i H-module M is a vector space such that it is both an A emodule and an H-module satisfying
Lemma 2.3. Let M be an A e ⋊ S i H-module and N an (A#H) e -module.
(i) The space Hom A e (M, N ) is a left H-module with the H-action defined by
Proof. The proof is routine and quite similar to the proofs of Lemma 1.8 and Lemma 1.9 in [23] .
Remark 2.4. Keep the notations as in Lemma 2.3, Hom A e (M, N ) can be made into a right H-module by defining f ↼ h = Sh ⇀ f for any h ∈ H and f ∈ Hom A e (M, N ). That is,
Since A is a left H-module algebra, the algebra A e is an (A#H) e -module with the following module structure:
for any x ⊗ y ∈ A e and a#h, b#g ∈ A#H.
By Lemma 2.3, Hom A e (M, A e ) is a left H-module for any A e ⋊ H-module M . Furthermore, the A e -bimodule structure of A e induces a left A e -module structure on Hom A e (M, A e ). That is,
for any a ⊗ b ∈ A e , f ∈ Hom A e (M, A e ) and x ∈ M .
In [23] 
where U is an invertible A e -module. Then for any (A#H) e -module N , we have
as left H-modules.
Proof. Suppose that P is an A e ⋊ H-module such that it is finitely generated and projective as an A e -module, and N is an (A#H) e -module. By Lemma 2.5, Hom A e (P, A e ) is an A e ⋊ S −2 H-module. So Hom A e (P, A e ) ⊗ A e N is an H-module with the module structure given by (13) . Moreover, the equation (12) defines an H-module structure on Hom A e (P, N ). With these H-actions, one can check that the canonical isomorphism
is also an H-isomorphism. Therefore, the proof of [23, Theorem 2.4] works for non-involutory Hopf algebras. But for a non-involutory Hopf algebra H, the module U is an A e ⋊ S −2 H-module by Lemma 2.5. Thus, U ⊗ A N is an (A#H) e -module with module structure defined by
for any a#h, b#g ∈ A#H and u#n ∈ U ⊗ N . Consequently, we have the following H-isomorphisms:
In the rest of this section, we work with the category of graded modules. Let A be a graded algebra, and let A-GrMod denote the category of graded left A-modules and graded homomorphisms of degree zero. For any M, N ∈ AGrMod, Hom A (M, N ) is the graded vector space consisting of graded A-module homomorphisms. That is,
Let H be a Hopf algebra. We say that a graded algebra A is a left graded H-module algebra if it is a left H-module algebra such that each A i is an H-module. Let σ is a 2-cocycle on H. The cocycle deformation H σ is a Hopf algebra. If A is a left graded H σ -module algebra, then we have the algebra A#H σ . Moreover, we can construct the algebra A# σ H by Remark 1.7. It is easy to see that both A#H σ and A# σ H have natural graded algebra structures. Now, we fix a Hopf algebra H and a 2-cocycle σ on H. Let V be a left H σ -module and A = T (V )/ R an N -Koszul graded H σ -module algebra. The dual V * is a right H σ -module with the module structure given by (18) (
for α ∈ V * , h ∈ H and x ∈ V .
Remark 2.7. Let {e 1 , e 2 , · · · , e n } be a basis of V . Suppose that h · e i = n j=1 c h ji e j with c h ji ∈ . Then we have e * i ⊳ h = n j=1 c h ij e * j .
We extend the action "⊳" on V * to (V * ) ⊗n :
It is easy to check that R ⊥ ⊳ h ⊆ R ⊥ . Consequently, A ! is a right H σ -module algebra with the action "⊳". In fact, one can make A ! into a left H σ -module algebra as follows:
for any β ∈ A ! and h ∈ H. 
Proof. The algebra H σ is a Hopf algebra and the algebra A is a left H σ -module algebra. Proposition 2.1 in [23] shows that the A e -projective resolution
where a ⊗ b ⊗ h ∈ A e ⋊ H and x ⊗ ω ⊗ y ∈ A ⊗ (A ! p ) * ⊗ A. Now we recall another bimodule complex constructed in [7] . First, we define two N -differentials:
It is easy to check that δ l and δ r commute. Fix a primitive N -th root of unity q. The complex 
. When the Hopf algebra H σ is involutory, Proposition 2.2 in [23] shows that the complex Hom A e (K b (A), A e ) and the complex L b (A) are isomorphic as A e ⋊ H σ -complexes.
When H σ is not involutory, Hom A e (K b (A), A e ) is a complex of A e ⋊ S σ −2 H σ -modules by Lemma 2.5. In this case,
Since the algebra A is an N -Koszul graded twisted CY algebra, A is ASregular (see [32, Lemma 1.2] ). The Ext algebra E(A) of A is graded Frobenius by Corollary 5.12 in [7] . Thus, there exists an automorphism φ of E(A), such that
as E(A)-bimodules.
Let {e 1 , e 2 , · · · , e n } be a basis of A 1 = V , and {e * 1 , e * 2 , · · · , e * n } the corresponding dual basis. Suppose that φ is given by φ(e * 1 , e * 2 , · · · , e * n ) = (e * 1 , e * 2 , · · · , e * n )Q, for some invertible matrix Q. Define an automorphism of A via ϕ(e 1 , e 2 , · · · , e n ) = (e 1 , e 2 , · · · , e n )Q T , where Q T is the transpose of Q. It is obvious that the restriction of φ to V * and the restriction of ϕ to V are dual to each other.
Let ǫ be the automorphism of A defined by ǫ(a) = (−1 (A, A e ) . Suppose N 3. Then the dimension d must be odd. We consider the following sequence
where µ = ǫ d+1 ϕ and the morphism u is given by u(
we have:
Therefore, the sequence (22) 
For the case N = 2, the proof is similar.
Let H be a Hopf algebra, σ a 2-cocycle on H, and A a graded H σ -module algebra. Let P be an A e ⋊H σ -module. Hom A e (P, A e ) is a right H σ -module as defined in (14) . Then we can define a right H-module structure on Hom A e (P, A e )⊗ σ H ⊗ σ H:
Recall that H can be viewed as the algebra H (1, 1) .
1,σ and ∆ σ 1,1 are algebra homomorphisms. So this H-module is well-defined. We denote this H-module by Hom A e (P, A e ) * ⊗ * σ H ⊗ σ H * .
The right H-module structure of H induces a natural H-module structure on Hom A e (P, A e ) ⊗ σ H ⊗ H. That is,
for all f ⊗k⊗l ∈ Hom A e (P, A e )⊗ σ H ⊗H and h ∈ H. We denote this H-module by Hom A e (P, A e ) ⊗ σ H ⊗ H * .
We can define an (A# σ H) e -module structure on Hom A e (P, A e ) ⊗ σ H ⊗ H * as follows:
for any a#h, b#g ∈ A# σ H and f ⊗ k ⊗ l ∈ Hom A e (P, A e ) ⊗ σ H ⊗ H * . Recall that the left H σ -module structure of Hom A e (P, A e ) is defined in (12) . Here
We first check that the left A# σ H-module structure is well-defined. We have the following equations:
By Lemma 1.4 we know that S 1,σ • S σ,1 is an algebra homomorphism of σ H. Therefore, the fifth equation holds. The sixth equation follows from the fact that ∆ σ σ,1 is an algebra homomorphism. It follows that Hom A e (P, A e )⊗ σ H ⊗H * is a left A# σ H-module. Similarly, we can see that Hom A e (P, A e ) ⊗ σ H ⊗ H * is a right A# σ H-module and for any a#h, b#g ∈ A# σ H, and
In conclusion, Hom A e (P, A e ) ⊗ σ H ⊗ H * is indeed an (A# σ H) e -module as defined in (25) .
The module Hom A e (P, A e ) * ⊗ * σ H ⊗ σ H * is also an (A# σ H) e -module with the module structure defined by
where 
where the module structures are given by (23) , (24) , (25) and (26), Ψ and Φ are defined as follows:
Moreover, Ψ and Φ are inverse to each other. 
for any h ∈ H, f ∈ Hom A e (P, M ) and x ∈ P . Here
Proof. For any h, k ∈ H and f ∈ Hom A e (P, M ), the following equations hold:
The third equation holds since M is an A# σ M -bimodule. The fourth equation follows from Lemma 1.4(i). The last equation follows from the fact that both ∆ σ 1,σ and ∆ σ 1,1 are algebra homomorphisms.
Remark 2.11. Since A is a graded left H σ -module algebra, A is naturally an A e ⋊ H σ -module. Hence, Hom A e (A, M ) is a right H-module for any (A# σ H) ebimodule M . H is just the algebra H (1, 1) . From the fact that S 1,σ (h 1 )h 2 = ε(h) for any h ∈ H, it is easy to check that
From Lemma 2.10 we see that Hom A e (P, (A# σ H) e ) is a right H-module. Moreover, the inner structure of (A# σ H) e induces a right (A# σ H) e -module structure on Hom A e (P, (A# σ H) e ). That is,
for any f ∈ Hom A e (P, (A# σ H) e ) and a#h, b#g ∈ A# σ H.
Lemma 2.12. Let P be an A e ⋊ H σ -module.
(i) There is a right H ⊗ (A# σ H) e -module homomorphism
where ξ : H → is the homomorphism defined by ξ(h) = ε(ν(h)) for any h ∈ H.
Proof. If H is an augmented algebra, then H is a finite dimensional module. By [9, Remark 2.8], H has global dimension d.
It follows from [9, Proposition 2.2] that H admits a projective bimodule resolution
where each P i is finitely generated as an H-H-bimodule. Tensoring with functor ⊗ H , we obtain a projective resolution of H :
Since each P i is finitely generated, the following isomorphisms of right Hmodules holds:
Therefore, the complex Hom H (P • ⊗ H , H) is isomorphic to the complex ⊗ H Hom H e (P • , H e ). The algebra H is twisted CY with Nakayama automorphism ν. So the following H-H-bimodule complex is exact,
Thus the complex ⊗ H Hom H e (P • , H e ) is exact except at ⊗ H Hom H e (P d , H e ), whose homology is ⊗ H H ν . It is easy to see that ⊗ H H ν ∼ = ξ , where ξ : H → is the algebra homomorphism defined by ξ(h) = ε(ν(h)) for any h ∈ H. In conclusion, we obtain the following isomorphisms right H-modules
Remark 2.16. In a similar way, we can also obtain the following isomorphisms of left H-modules: 
Proof. Proposition 4.5(a) in [10] holds true when the Hopf algebra is not necessarily Noetherian. So we obtain that the Nakayama automorphism ν satisfies ν(h) = ξ(h 1 )S 2 (h 2 ) for any h ∈ H. From Remark 2.16, we see that η = ε•ν −1 . Note that for every h ∈ H, ν −1 (h) = ξ(Sh 1 )S −2 (h 2 ) and ξ • S 2 (h) = ξ(h). Therefore, we obtain that η = ξ • S.
Theorem 2.18. Let H be a twisted CY Hopf algebra with homological integral
l H = ξ , where ξ : H → is an algebra homomorphism and let σ be a 2-cocycle on H. Let A be an N -Koszul graded twisted CY algebra with Nakayama automorphism µ such that A is a left graded H σ -module algebra. Then A# σ H is a graded twisted CY algebra with Nakayama automorphism ρ defined by
Proof. Assume that the CY dimensions of H and A are d 1 and d 2 respectively. Take the Koszul complex K b (A) → A → 0. In the proof of Proposition 2.8, we see that K b (A) → A → 0 is a complex of A e ⋊ H σ -modules. It follows from Lemma 2.9 and Lemma 2.12 that the following isomorphisms of H ⊗ (A#H) emodule complexes hold:
After taking cohomologies, we obtain that 
It is an isomorphism of (A# σ H) e -bimodules if the (A# σ H) e -bimodule on Ext
for any a#h, b#g ∈ A# σ H and x⊗k⊗l ∈ Ext
By Proposition 2.8, we obtain the following isomorphism: is given by
for any h ∈ H. Therefore, the (A#H) e -module structure on
⊗ H ⊗ ξ•S and a#h, b#g ∈ A#H.
Now we prove that
It is straightforward to check that for any x ∈ A, k ∈ H, we have:
This implies that (1 ⊗ t ⊗ 1 ⊗ 1) is a left and right A# σ H-module generator of H) e -modules for some automorphism ρ of A# σ H. Next we compute ρ. For any h ∈ H,
This shows that ρ(h) = hdet(h 1 )(S
. On the other hand, for any a ∈ A, we have:
So ρ(a) = µ(a). It follows that the automorphism ρ of A# σ H is give by
for any a#h ∈ A#H and
To summarize, we obtain the following isomorphisms of (A#H) e -modules:
By Lemma 2.14, A# σ H is homologically smooth. The proof is completed.
Let H be a Hopf algebra. For an algebra homomorphism ξ : H → , We write [ξ] l for the left winding homomorphism of ξ defined by
for any h ∈ H. The right winding automorphism [ξ] r of ξ can be defined similarly. It is well-known that both [ξ] l and [ξ] r are algebra automorphisms of H. In Theorem 2.18, if we take the 2-cocycle to be trivial, we obtain the following result about smash products.
Theorem 2.19. Let H be a twisted CY Hopf algebra with homological integral
l H = ξ , where ξ : H → is an algebra homomorphism and A an N -Koszul graded twisted CY algebra with Nakayama automorphism µ such that A is a left graded H-module algebra. Then A#H is a twisted CY algebra with Nakayama
Proof. From Theorem 2.18, we see that A#H is a graded twisted CY algebra with Nakayama automorphism ρ defined by 
, the sufficiency part is clear.
In the proof of Theorem 2.18, if we let the cocycle σ be trivial, then the proof is just a modification of the proof of the sufficiency part of [23, Theorem 2.12].
If we modify the proof of the necessary part, we obtain that ξ ⋆ hdet H = ε, where ⋆ stands for the convolution product. It is easy to see that ξ • S and ξ are inverse to each other with respect to the convolution product. Therefore, we obtain that hdet
It follows from Theorem 2.19 that µ#S −2 is an inner automorphism.
In case A is an N -Koszul graded CY algebra and H is a CY Hopf algebra, we have the following consequence.
Corollary 2.21. Let H be a CY Hopf algebra, and let A be an N -Koszul graded CY algebra and a left graded H-module algebra. Then A#H is a graded CY algebra if and only if the homological determinant of the H-action on A is trivial and id #S 2 is an inner automorphism of A#H.
Proof. Since H is a CY Hopf algebra, by Lemma 1.15 (ii), the algebra H satisfies l H = . Now the corollary follows immediately from Corollary 2.20.
Remark 2.22. From Lemma 2.15 and Lemma 2.17, it is not hard to see that if H is CY Hopf algebra, then S 2 is an inner automorphism of H. However, id #S 2 is not necessarily an inner automorphism of A#H even if A#H is CY. Example 4.2 in Section 4 is a counterexample. It also shows that the smash product A#H could be a CY algebra when A itself is not.
In Theorem 2.18, if we let the algebra A be , then we obtain the following result about the twisted CY property of cleft objects. 
for any x ∈ σ H.
Cleft objects of U (D, λ)
The pointed Hopf algebras U (D, λ) introduced in [5] are generalizations of the quantized enveloping algebras U q (g), where g is a finite dimensional semisimple Lie algebra. Chelma showed that the algebras U q (g) are CY algebras [11, Theorem 3.3.2] . The CY property of the algebras U (D, λ) were discussed in [39] . In this section we will show that the cleft objects of the algebras U (D, λ) are all twisted CY algebras.
The Hopf algebra U (D, λ)
. We refer to [3] for a detailed discussion about braided Hopf algebras and Yetter-Drinfeld modules. For a group Γ, we denote by Γ Γ YD the category of Yetter-Drinfeld modules over the group algebra Γ. If Γ is an abelian group, then it is well-known that a Yetter-Drinfeld module over the algebra Γ is just a Γ-graded Γ-module.
We fix the following terminology.
• a free abelian group Γ of finite rank s;
• a Cartan matrix A = (a ij ) ∈ Z θ×θ of finite type, where θ ∈ N. Let (d 1 , · · · , d θ ) be a diagonal matrix of positive integers such that d i a ij = d j a ji , which is minimal with this property; • a set X of connected components of the Dynkin diagram corresponding to the Cartan matrix A. If 1 i, j θ, then i ∼ j means that they belong to the same connected component; • a family (q I ) I∈X of elements in which are not roots of unity;
For simplicity, we write q ji = χ i (g j ). Then Equation (28) reads as follows:
for all 1 i, j θ, I ∈ X .
We write the datum λ = 0, if λ ij = 0 for
is called a generic datum of finite Cartan type for group Γ.
A generic datum of finite Cartan type for a group Γ defines a Yetter-Drinfeld module over the group algebra Γ. Let V be a vector space with basis {x 1 , x 2 , · · · , x θ }. We set
where |x i | denote the degree of x i . This makes V a Yetter-Drinfeld module over the group algebra Γ. We write
The tensor algebra T (V ) on V is a natural graded braided Hopf algebra in 
where ad c is the braided adjoint representation defined in [5, Sec. 1].
The algebra U (D, λ) is a pointed Hopf algebra with
To present the CY property of the algebras U (D, λ), we recall the concept of root vectors. Let Φ be the root system corresponding to the Cartan matrix A with {α 1 , · · · , α θ } a set of fix simple roots, and W the Weyl group. We fix a reduced decomposition of the longest element w 0 = s i 1 · · · s ip of W in terms of the simple reflections. Then the positive roots are precisely the followings,
For
and χ β i = χ
Lusztig defined the root vectors for a quantum group U q (g) in [26] . Up to a non-zero scalar, each root vector can be expressed as an iterated braided commutator. In [4, Sec. 4.1] , the root vectors were generalized on a pointed
Hopf algebras U (D, λ). For each positive root β i , 1 i p, the root vector x β i is defined by the same iterated braided commutator of the elements x 1 , · · · , x θ , but with respect to the general braiding.
for each 1 k θ. Therefore,
This shows that µ and ν indeed differ by an inner automorphism.
In [28] , the author classified the cleft objects of a class of pointed Hopf algebras. This class of algebras contains the algebras U (D, λ). Now we fix a generic datum of finite Cartan type
where Γ is a free abelian group of rank s.
Let σ ∈ Z 2 ( Γ) be a 2-cocycle for the group algebra Γ. Define
, we obtain that
Given the braided vector space σ V , we have the tensor algebra T ( σ V ) and the smash product T ( σ V )# Γ. The 2-cocycle σ for the group algebra Γ can be regarded as a 2-cocycle for
The difference between the crossed product and the smash product T ( σ V )# Γ is given by
Here g ∈ T ( σ V )# Γ is denoted by g ∈ T ( σ V )# σ Γ to avoid confusion.
Definition 3.5. Given π = (π ij ) ∈ Ξ(σ) . Define B λ (σ, π) to be the quotient algebra of T ( σ V )# σ Γ modulo the ideal generated by
where we set π ij = 0 if (i, j) / ∈ Ξ(σ).
Let Z = Z(Γ, Ξ, ) denote the set of all pairs (σ, π), where σ ∈ Z 2 ( Γ) and π = (π ij ) ∈ Ξ(σ) . For two pairs (σ, π) and (σ ′ , π ′ ), define (σ, π) ∼ (σ ′ , π ′ ), if there is an invertible map f : Γ → such that
This defines an equivalence relation on Z. We write H(Γ, Ξ, ) = Z/ ∼.
The following Lemma is the right version of Theorem 6.3 in [28] . It describes the isomorphism classes of right cleft objects of the algebras U (D, λ).
Lemma 3.6. The map defined by
is a bijection, where Cleft(U (D, λ) ) denotes the set of the isomorphism classes the right cleft objects of U (D, λ).
In particular, the algebra B λ (σ, π) is CY if and only if there is en element h ∈ Γ such that
Proof. Let H = U (D, λ). Without loss of generality, we may assume that σ satisfies that
for all g ∈ Γ. This follows from Lemma 3.6 and the fact that for each pair (σ, π),
The algebra B λ q (σ, π) is a cleft object of H. Then B λ q (σ, π) ∼ = τ H, for some 2-cocycle τ . The 2-cocycle τ can be calculated using Lemma 1.9. We conclude that τ satisfies the following: Since H is AS-regular, by Theorem 2.23, B q (σ, π) ∼ = τ H is a twisted CY algebra. Its Nakayama automorphism can be calculated as follows. For g ∈ Γ,
The algebra B λ (σ, π) is CY if and only if the algebra automorphism µ is inner. Since the algebra U (D, λ) is a domain [5, Theorem 4.3] , the invertible elements of B λ (σ, π) fall in Γ. In B λ (σ, π), for l, g ∈ Γ and 1 k θ, we have
With these facts, we see that the automorphism µ is an inner automorphism if and only if there exists an element h ∈ Γ such that
for all g ∈ Γ and 1 k θ. Note that if
for all g ∈ Γ and 1 k θ, where each j k , 1 k θ, is the integer such that
We end this section by giving some examples. We first need the following lemma.
Lemma 3.8. Let Γ be an abelian group, σ a 2-cocycle for the group algebra Γ. For any g, k, h ∈ Γ, we have
Proof. Since σ is a 2-cocycle, the following equations hold for any g, h, k ∈ Γ.
By (31) and (32), we obtain
Now we give an example in which the algebra U (D, λ) is CY, but the algebra B λ (σ, π) is not necessarily CY.
Example 3.9. Let (D, λ) be the datum given by
• Γ = y 1 , y 2 , a free abelian group of rank 2;
• The Cartan matrix is of type A 2 × A 2 ;
2 , where q is not a root of unity; • λ = (λ 13 , λ 14 , λ 23 , λ 24 ) = (0, 1, 1, 0).
Then the algebra U (D, λ) is just the quantized enveloping algebra U q (g), where g is the simple Lie algebra corresponding to the Cartan matrix of type A 2 . Therefore, U (D, λ) is CY ( [11, Theorem 3.3.2] ). In fact, we have that
are the positive roots, where α i (1 i 4) are the simple roots. Hence
Let σ be a 2-cocycle such that u 12 = σ(y 2 ,y 1 ) σ(y 1 ,y 2 ) is not a root of unity. Let
12 . We claim that the algebra B λ (σ, π) can not be a CY algebra. Otherwise, by Proposition 3.7, there is an element y i 1 y j 2 ∈ Γ such that for any • Γ = y 1 , y 2 , a free abelian group of rank 2;
• The Cartan matrix A is of type A 1 × A 1 ;
where q is not a root of unity;
The positive roots of A are just the simple roots. Since χ 1 χ 2 = ε, the algebra
Let B 0 (σ, π) be a cleft object of H such that the 2-cocycle σ satisfies u 12 = σ(g 2 ,g 1 )
where the second equation also follows from Lemma 3.8. Similarly,
Moreover,
By Proposition 3.7, the algebra B 0 (σ, π) is a CY algebra.
More Examples
In this section, we give some examples of Theorem 2.18.
The following example shows that it is possible that the crossed product of CY algebras might be a CY algebra, while their smash product is not CY.
be the polynomial algebra with two variables. Then A is a CY algebra. Let Γ be the free abelian group of rank 2 with generators g 1 and g 2 . There is a Γ-action on A as follows:
where q is not a root of unity. The homological determinant of this Γ-action is not trivial, namely, hdet(g 1 ) = q 2 , hdet(g 2 ) = q −2 . The algebra A# Γ is not a CY algebra by Theorem 2.12 in [23] .
Let σ be a 2-cocycle on Γ such that
Without loss of generality, we may assume that σ(g, g −1 ) = σ(g −1 , g) = 1 for g ∈ Γ. Then the algebra A# σ Γ is a twisted CY algebra with Nakayama automorphism ρ defined by ρ(a#g) = hdet(h)a#g for any a#g ∈ A# σ Γ. Choose an element h = g 2 1 g 2 2 ∈ Γ. By Lemma 3.8,
= ( σ(g 1 , g 2 ) σ(g 2 , g 1 ) ) 2 = q −2 = hdet(g 2 ).
Moreover, h · x i = x i , 1 i 2. Therefore, ρ(a#g) = h(a#g)h −1 , for any a#g ∈ A# σ Γ. The automorphism ρ is an inner automorphism. So the algebra A# σ Γ is a CY algebra.
In the followings, we provide some examples involving the algebras U (D, λ). The definitions of algebras U (D, λ) are recalled in Section 3.1.
The following example shows that the smash product A#H is a CY algebra while A itself is not. The algebra H is isomorphic to the quantum enveloping algebra U q (sl 2 ).
Let A = u, v /(uv − qvu) be the quantum plane. There is an H-action on A as follows:
x 1 · u = 0, x 2 · u = qv, g · u = qu,
The algebra A#H is isomorphic to the quantized symplectic oscillator algebra of rank 1 [17] .
It is well known that the algebra A is a twisted CY algebra with Nakayama automorphism µ given by µ(u) = qu, µ(v) = q −1 v, and the algebra H is a CY Hopf algebra ([11, Theorem 3.3.2]). One can easily check that the homological determinant of the H-action is trivial and for any x ∈ A#H, [µ#S −2 ](x) = gxg −1 . That is, the automorphism µ#S −2 is an inner automorphism. Therefore, A#H is a CY algebra.
The invertible elements of A#H are {g m } m∈Z . Therefore, one can see that the automorphism id #S 2 of A#H can not be an inner automorphism, although, S 2 is an inner automorphism of H.
More generally, we have the following example.
Example 4.3. Let H be U (D, λ) with the datum (D, λ) given by
• Γ = y 1 , y 2 , · · · , y n , a free abelian group of rank n;
• The Cartan matrix A is of type A n × A n ;
• g i = g n+i = y i , 1 i n;
• χ i (g j ) = q a ij , χ n+i (g j ) = q −a ij , 1 i n, where q is not a root of unity;
• λ ij = δ n+i,j 1 q−q −1 , 1 i < j 2n.
Then H is isomorphic to the algebra U q (sl n ). It is also a CY Hopf algebra.
Let A be the quantum polynomial algebra u 1 , u 2 , · · · , u n+1 | u j u i − qu i u j , 1 i < j n + 1 .
There is an H-action on A as follows:
x i · u j = δ ij u i+1 , 1 i n;
x i · u j = δ i+1,j qu i , n + 1 i 2n
qx j , j = i + 1;
x j , otherwise.
It is well known that the algebra A is a twisted CY algebra with Nakayama automorphism µ given by µ(u i ) = q n+2−2i u i , 1 i n + 1.
One can also check that the homological determinant of the H-action is trivial. The automorphism µ#S −2 is an inner automorphism. For any x ∈ A#H, . Therefore, A#H is a CY algebra.
Let H 0 be the algebra U (D, 0) . The algebra H is a cocycle deformation of U (D, 0). Actually, H ∼ = (H 0 ) σ , where σ is a 2-cocycle on H 0 such that σ(h 1 , h 2 ) = 1, σ(x i , h 1 ) = σ(h 2 , x i ) = 0, for all h 1 , h 2 ∈ Γ and 1 i n + 1, and σ(x i , x j ) =    λ ij , j = n + i; 0, otherwise.
Then we have the crossed product A# σ H 0 . By Theorem 2.18, A# σ H 0 is a twisted CY algebra with Nakayama automorphism η defined by η(a#h) = µ(a)#h, for all a#h ∈ A#H. In fact, η is an inner automorphism. For any x ∈ A# σ H 0 , η(x) = gxg −1 . So A# σ H 0 is also a CY algebra. • Γ = y 1 , y 2 , a free abelian group of rank 2;
• g 1 = y 1 , g 2 = y 2 ;
• χ 1 (g 1 ) = q 2 , χ 1 (g 2 ) = q −4 , χ 2 (g 1 ) = q 4 , χ 2 (g 2 ) = q −2 , where q is not a root of unity; • λ = 0.
The algebra H is a twisted CY algebra with homological integral ξ 1 , where ξ 1 is the algebra homomorphism given by ξ 1 (g 1 ) = q 6 g 1 , ξ 1 (g 2 ) = q −6 g 2 , and ξ 1 (x i ) = 0, i = 1, 2.
Let σ be a 2-cocycle on H such that σ(g 1 ,g 2 ) σ(g 2 ,g 1 ) = q 3 , σ(x i , g j ) = σ(g j , x i ) = 0, 1 i, j 2, and σ(x 1 , x 2 ) = 1 q−1 , σ(x 2 , x 1 ) = 0. Then the cocycle deformation H σ is just the algebra U (D ′ , λ ′ ), where (D ′ , λ ′ ) is the datum given by
• The Cartan matrix is of type A 1 × A 1 ;
• χ 1 (g 1 ) = q −2 , χ 1 (g 2 ) = q, χ 2 (g 1 ) = q −1 , χ 2 (g 2 ) = q 2 , where q is not a root of unity;
The algebra H σ is a twisted CY algebra with homological integral ξ 2 , where ξ 2 is the algebra homomorphism given by ξ 2 (g 1 ) = q −3 g 1 , ξ 2 (g 2 ) = q 3 g 2 , and ξ 2 (x i ) = 0, i = 1, 2.
Let A = u, v /(uv − q 2 vu) be the quantum plane. There is an H σ -action on A as follows:
We have mentioned in Example 4.2 that A is a twisted CY algebra with Nakayama automorphism µ given by µ(u) = q 2 u, µ(v) = q −2 v.
One can check that the homological determinant of the H action is trivial. Now we can form the algebras A#H σ and A# σ H. By Theorem 2.19, the algebra A#H σ is a twisted CY algebra with Nakayama automorphism µ#(S −2 • [ξ] r ). This automorphism cannot be an inner automorphism. That is, A#H σ is not a CY algebra. Theorem 2.18 shows that the algebra the algebra A# σ H is a twisted CY algebra with Nakayama automorphism ρ defined by ρ(a) = µ(a), a ∈ A, ρ(x 1 ) = q −2 x 1 , ρ(x 2 ) = q 2 x 2 , and ρ(g i ) = ξ(g i )g i , i = 1, 2. The automorphism ρ is an inner automorphism. For any x ∈ A# σ H, ρ(x) = (g 2 1 g 2 2 ) −1 x(g 2 1 g 2 2 ). Therefore, the algebra A# σ H is a CY algebra.
